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Quasi-Static Analysis of Three-Line Microstrip
Symmetrical Coupler on Anisotropic Substrates

Lukang Yu and Banmali Rawat

Abstract —A method for analyzing the three symmetrically coupled
microstrip lines on an anisotropic substrate has been developed. Com-
puter programs based on the method of moments have been employed
and the coupler mode impedance, Z, coupling constant, K, and phase
velocity, v, as functions of the anisotropy ratio, €,, /€,,, have been
obtained.

I. INTRODUCTION

Three-line microstrip couplers are an integral part of many
microwave communication systems, such as six-port reflectome-
ters, balanced mixers, and phase shifters. In the analysis of three
equal-width microstrip lines on isotropic substrates, it has been
reported that under the assumption of a certain set of voltage
modes, the characteristic impedance of the center line will
always be the same as that of the side lines [1]. This imposes no
condition on the capacitance coefficients of the network. Fur-
ther work has revealed that for the same coupled system, the
normal-mode impedances of the center line may be greater than
those of side lines at small widths and separations; hence there
are five normal-mode impedances [2]. It is necessary to increase
the width of the center line relative to that of the outer lines in
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order to equalize the mode impedances. On the other hand,
however, in the limit (W /h and S/h> 0.8), the two systems
will be practically indistinguishable from each other.

The boundary value problems involving single and coupled
microstrip lines on anisotropic substrates such as sapphire and
pyrolytic boron nitride (PBN) have been approached from nu-
merical points of view [3]-[7]. Green’s functions in the spectral
domain have been utilized to transform an anisotropic problem
to an isotropic one. It has been found for coupled lines that
under the quasi-static TEM assumption, the difference between
even- and odd-mode phase velocities can be significantly re-
duced by using anisotropic substrate. This implies that if an
anisotropic material with a large anisotropy ratio is available,
the isolation and directivity of microstrip couplers can be signifi-
cantly improved. ‘

In this paper, a system of three symmetrically coupled mi-
crostrip lines on an anisotropic substrate is analyzed. For a
three-mode impedance system, the directivity of the three-line
coupler is found to be improved by equalizing v,, (square-root
average of phase velocities of ee and oo modes) and v, (phase
velocity of oe mode). The validity of our method has been
verified by substituting the conditions of isotropic material in
the equations derived for anisotropic material and then compar-
ing the characteristic impedances with the results obtained in [1]
and [2] for isotropic materials.

II. DerivaTion oF GREEN’s FuncTion

The configuration of the three symmetrically coupled mi-
crostrip lines under consideration is shown in Fig. 1. It com-
prises three zero-thickness strips of width W and interstrip
spacing S on an anisotropic dielectric substrate with thickness
h. The introduction of ground cover by no means affects the
solution as B is allowed to recede to infinity. In this derivation,
an anisotropic substrate layer of homogeneous dielectric has
been considered which has a relative permittivity tensor given by
€ €

11 12] )

€E=¢€
0[521 €22
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and the elements of the matrix are expressed as
€11= €., 08’ @ + ¢, sin* O
€, =€y =€, —€,,]sin®cos @

)

where the subscripts xx and yy refer to the crystal principal
axes and @ is the anisotropy angle.

A quasi-static solution to the potential problem can be ob-
tained by solving Laplace’s equation in the two dielectric re-
gions:

- 2 2
€y =€,,5IN"0+¢,,cos"0O

i=1,2. 3)
Owing to the infinite extent of the line in the z direction, the
problem is two-dimensional. Therefore, (3) in the spectral do-
main yields

V(e-Vg,)=0,

ad 5 €11

- 1 7y =O
ayz €5 ay d)(B )

4

€22

where B is the Fourier variable. The general solution of the
Fourier-transformed potentials ¢ (B, y) in the spectral domain
is

é.(B,y) = e PR[ A(B)sinh (BTy) + B(B) cosh (BTy)] (5)

where
211/2
T 2_(512*‘621) .
€2 Zey,
A(B) and B(B) are arbitrary coefficients that must be deter-
mined from the boundary conditions given by

¢1(ﬁ’0) = 0
¢2(B’B) =0
b2(B,h+0) = y(B,h—0)=V(B)

_€ptey

2¢,,

d 9 1
g(ﬁz(ﬁ,h"‘o)=5225¢1(3’h_0)"gU(B) (6)

where V(B) and o(B) are the Fourier transforms of the poten-
tial on the air-dielectric interface and the charge density, re-
spectively.

After applying the appropriate boundary conditions and set-
ting B —, the transformed Green’s function in the spectral
domain is derived as

1
€0l BI[ 1+ €qcoth (18lh, )]

G(B.h)=V(B)/o(B) = )

and using inverse Fourier transformation with x, and x as
source and field points, respectively, (7) can be written as

Glx.h) = 2meg(1+€)
@ [()c—-xo)/heq]2+4n2
Elp o [(x = x0)/heg| +4(n—1)* ®
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Equation (8) can further be written as [8]
1 x— i X — Xq ?
—~bl + "1 +1
27, [“ ! C,EIP n[( 2nheq) H
©)

where €., and h,, from [5] and 4, b, ¢, and p from [8] are given
as

Xo

G(x,h)=

eq

ah
€eq=Enp X T =y/e,, Xe,, heq:TXh:(az—l)cosz('DJrl
P =
a= e, /e a= X p"In(n)
- P n=1
1-p2? 1—e
b=1+p c= and p=—"".
2p 1+ e,

In the case of an isotropic material, T =1 and &, = A.

III. DETERMINATION OF MoODE CHARACTERISTICS

The static response to arbitrary excitation on triple-conductor
microstrips is completely determined by the capacitance matrix
[9]. The method of solution is as follows: The potentials of the
center conductor and ground plane are assumed to be 1 and
0 V, respectively. Each conductor is divided into N subsections
and the charge density is assumed to be uniform over each
subsection, with an unknown charge density, o, residing on the
jth subsection. The boundary conditions at the ground plane
and at the dielectric interface are satisfied by multiple imaging.
The potential G,, at the field point i caused by the unit charge
on subsection j is written as

X, — X,

) 2
X, —X;
+c Y. p"ln ( ! 1) +1
nel [ 2mhe,
(10)

eq

fori,j=1,2,3,---, N

where

s /4
x,—xj=(p—q)z+(z—]—§+0.5)7
r=4¢=0,1,2

f= 1 forli—-pXN—-025XN-05-(N-2)/4<0
0 forli-pXN—-075XN-05-(N-2)/4<0
and N is the number of subsections along the cross section of
the center conductor.

Therefore, a matrix relationship is obtained between charge
and voltage as

[e]=[G17'V]. (11)

The matrix [G]™! is partitioned into submatrices, and the sum
of the elements of cach submatrix is identified as an element of
the capacitance matrix, given as

€11 C12 C13

[Cl=]|¢12 (12)
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Fig. 2. Electric field lines for the fundamental modes in a three-line
microstrip coupler: (a) oe mode; (b) ee mode; (¢) oo mode.

For each of the three modes of propagation shown in Fig. 2,
the capacitance for each of the three lines can be determined by
using the method outlined in [2] and (12).

for oe mode: C,o=Cy1—Cq3

for ee mode: Co=cytucptegs

for 0o mode:

2
Coo=Cut—cpptep. (13)
M
The parameter w is an internal property of each particular
network and is related to a certain set of voltage modes; it is
given as

2
T (cu—cptep3)— \/(011 ~Cpte3) +8€%2
) 2¢45 )

(14)

The corresponding mode impedances and phase velocities for
each of the three modes are given by -

1
Z, = 15
* c Cx,aircx ( )
Cx,air 16
UX = C ( )

where x = oe, ee, and oo for respective modes; ¢ is the speed of
light; C, . is the static capacitance when the dielectric has been
replaced by air; C, is the capacitance with dielectric.

IV. EouaLizinG Puase VELOCITIES TO IMPROVE
CoUPLING AND ISOLATION

The mode impedances, phase velocities, and coupling con-
stants of three-line couplers are presented for anisotropic sub-
strates. The microstrip conductors are assumed to be parallel to
the 7 direction, separated by a distance S, and of equal width
W, as shown in Fig. 1. By the Green’s function method, the
anisotropic problem is transformed into an jsotropic one, and
three independent propagating modes, namely ee, oo, and oe,
are determined. The square-root average (Z,,) of Z,, and Z,,
is considered equivalent to even-mode impedance of the cou-
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pled lines; therefore, equalizing v,,=+/v.0,, and v,, will

improve the directivity of the three-line coupler [5].
The coupling constants of the coupler are defined as follows

[3]:

_‘Eee_Zoo Kow= ZeeZoo —Zoe (17)
2 Zee + Zoo 13 v ZeeZOO + Zoe '

where K, represents the coupling from the side lines into the
center line, and K, represents the coupling between the side
lines through the center line. As the anisotropy ratio, €,, /€,,,
increases, both K, and K,; increase, as expected. If the
anisotropy ratio is large enough, usually > 4, the phase veloci-
ties can be equalized to improve the coupling and directivity. In
order to equalize the phase velocities the anisotropy ratio, -
€, /€,y is varied with ® and e, is kept constant.

V. NUMERICAL RESULTS

The three-line coupler mode impedances Z,,, Z,,, and Z,,
for isotropic substrate have been computed after substituting
the conditions of isotropic material in the equations derived for
anisotropic material for ¢,=9.8 and various W /h and S/h
ratios. These results are shown in Figs. 3, 4, and 5. For validity
of our method these results have béen compared with the
results in [1] and [2]. A small difference, about 5%, is observed,
especially in Figs. 3 and 5. The main reason for this difference is
the number of subsections selected, which is 10 in the present
case. The large number of subsections will approach the actual
charge distribution on the strip, resulting in more accurate
values, but it requires more computational time. Figs. 6, 7, and 8
show the coupling mode impedances, coupling constants, and
phase velocities, respectively, as functions of the anisotropy
ratio, e, /€. The results are for @ =0, W /h = 08,S/h=02,
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and €,,=2.55 (polystyrenelike substrates). From Fig. 6, it is
observed that the mode impedances decrease with €,, /€,
because of stronger coupling between electric field lines. This
results in an increased value of the capacitance and a decreased
value of the impedance. The impedance for ee mode is quite
large compared with oe and oo modes as a consequence of the
almost zero coupling or lower capacitance value for this mode as
the wave propagates through the strips without any coupling.
Consequently, the coupling constants will increase with €, /€,,,
as shown in the Fig. 7. As expected, the normalized velocities
decrease with increasing e,, /€, ratio, as shown in Fig. 8 and
the velocity equalization takes place at v/c=0.646 and
€., /€, =24 for ®=0. In Fig. 9, it is shown that the phase
velocity equalization for ® # 0 can take place only when an
anisotropic substrate of ¢, /€, >4 is used, thus proving the
advantage of anisotropic materials with higher anisotropy for
couplers. Normally, v, is always greater than v,,. In an extreme
case where v,, = v,, = U,,, it can be proved that Z,, will also be
equal to Z,,; hence the coupling constant K, will be equal to
zero. This implies that there will be no coupling from the side
lines to the center line, or that the same amount of energy
coupled from line 1 into 2 will be immediately coupled into line
3. In this way, the coupler acts practically the same as a two-line
coupler.

VI. CoNCLUSION

The method discussed in this paper is a straightforward
approach involving matrix inversion. The accuracy depends on
the number of substrips, which requires more computational
work. The effect of substrate anisotropy on the three-line mi-
crostrip coupler characteristics Z, v, and K has been demon-
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strated under the quasi-static TEM assumption. The use of
anisotropic substrate is found to improve the coupler isolation
and directivity by equalizing the coupler phase velocities. It also
provides design flexibility by changing the characteristics of

anisotropic materials, i.e., by varying €,,, €,,, and @ values.
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